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Abstract--A nonlinear finite element mcthod. which IS based on the \ on Karman \1indlin plate
theory and the principle of minimum total potcntial energy. is uscd to study the deformation and
first-ply failure of thin laminated composite plates. The load -displacement curves of a number of
laminated composite plates are determined using the proposed finite element method. Stresses
obtained from the linear and nonlinear finite element analyses are used to determine. respectively. the
linear and nonlinear first-ply failure loads of the laminated plates based on several phenomenological
failure criteria. The accuracy of the finite element resulh is then verified by comparison with the
available experimental data. It has been found that good agreement bet ween the finite element and
experimental load-strain curves before first-ply t~lilure is observed. If the reduction in platc stiffness
induced by failure of plies is taken into account in the finite element model. close agreement between
finite element and experimental load-displacement cunes from first-ply failure up to total f~lilure

may be obtained. Regarding the prediction of the first-plv failure load. it has been found that some
of the phenomenological failure criteria may yield results of consistent accuracy for the laminated
composite plates under consideration. Nevertheless. accurate prediction of the failure process after
first-ply failure is still intractable. Hence. for reliability assurance further research on failure analysis
of laminated composite plates subject to transverse loading is needed.

I Il\TROD['CTION

Because of their high stiffness. strength to weight ratios and many other superior properties.
laminated composite materials have been widely uscd in the construction of mechanical.
aerospace, marine and automotive structures which. in general. require high reliability. For
reliability assurance. prediction of the failurc proccss of laminated composite structures
and the maximum loads that the structures can withstand before failure occurs has thus
become an important research topic. In particular. the first-ply failure analysis of laminated
composite plates has been actively investigatcd in recent years. A vast literature has been
devoted to matrix cracking and first-ply failure analysis of laminated composite plates
subject to in-plane forces [e.g. Hahn and Tsai (1974). Wang and Crossman (1980). and
Dvorak and Laws (1987)]. Extensive testing has also been conducted to study the formation
of matrix cracks and stiffness reduction in composite laminatcs (Garrett and Bailey. 1977;
Highsmith and Reifsnider. 1982). On the othcr hand. the mechanical behavior and first-ply
failure load of laminated composite plates subjected to transverse loads has also been
studied by a number of researchers. For example. Turvey (1980a.b. 1982. 1989) uscd
analytical and numerical methods to study the linear and nonlinear first-ply failure loads
of simply supported symmetrically and antisymmctrically laminated composite plates based
on the classical and Mindlin laminated plate theory; Reddy and his associates (1987, 1992)
used the finite element method to calculate the lincar and nonlinear first-ply failure loads
of laminated composite plates based on sevcral phenomenological failure criteria; Kam
and associates (1992. 1993) studied the first-ply fail me probabilities of linear and nonlinear
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laminated composite plates. As for deflection analysis, a number of researchers have
investigated the nonlinear deflection of laminated composite plates using various methods
(Reddy and Chao, 1982; Kuppusamy and Reddy. 1984; Dumir and Bhaskar, 1988). Most
of the previous works on deflection or first-ply failure analysis oflaminates under transverse
loads, however. have been limited to theoretical investigations and few of them have been
verified by experimental data. It is well known that laminated composite plates subject to
static loads may experience large deflection during the failure process. In particular, for
thin laminated composite plates (side-to-thickness ratio a/h > 70), the load-deflection
relation may be nonlinear even before the occurrence of first-ply failure. For moderately
thick laminated plates, the load-deflection relation usually becomes nonlinear after first
ply failure. The nonlinear effects, therefore, must be taken into account if more accurate
predictions of the mechanical behavior and ultimate strength oflaminated composite plates
are desired. In this paper, a nonlinear finite element method based on the von Karman
Mindlin plate theory is used to study the nonlinear deflection and first-ply failure load of
laminated composite plates suhject to transverse loading. To validate the applicability of
the present method to thin laminated composite plates, an eight-node element of the
serendipity family and nine-node Lagrangian elements with different numerical integration
rules are used separately to construct the load-displacement curves of several laminated
composite plates loaded by an equivalent center point force and the finite element results
are compared with those obtained from experiment. Stresses obtained with the linear and
nonlinear finite element analyses of the plates are used to evaluate, respectively, the linear
and nonlinear first-ply failure loads of the plates based on several phenomenological
failure criteria. The capabilities of the failure criteria in predicting first-ply failure load are
investigated by comparing the linear and nonlinear first-ply failure loads determined with
the finite element analyses with those obtained from experiment using an acoustic emission
technique. A hypothetical stiffness reduction model is proposed to study the deflection and
the ultimate strength of the damaged laminated composite plates. The capabilities of the
proposed stiffness reduction model in predicting load-displacement curves and ultimate
strengths of the laminated plates are demonstrated by means of two examples.

~. NONLINEAR THEORY OF LAMINATED COMPOSITE PLATES

The laminated composite plate under consideration is made ofa number oforthotropic
layers of equal thickness. The x and l' coordinates of the plate are taken in the midplane of
the plate which has area a x b and thickness h. In order to have a theory suitable for both
thin and moderately thick laminated plates. the displacement field is assumed to be of the
form

u,(x.r. .::-) = uo(',yH--,::-·ljJ,(x.y)

u,(x.y. .::-) = l'O(X,y)TZ·ljJ,(X.y)

ldx.l'.'::-) = \t·(x. y). (1)

where lI,. lI,. lie are the displacements in the x. y, Z directions, respectively, lIO, Va, W

the associated midplane displacements, and ljJ, and ljJ,. the shear rotations. The strain
displacement relations in the von Karman plate theory can be expressed in the form
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(2)

where £? (i = x, y, s) are in-plane strains, £, (j = 4,5) are transverse shear strains, and K i are
bending curvatures. It is noted that in case of a linear analysis of the plate, the nonlinear
terms, i.e.

(
CW)2
ax and

aY\' c:w
ax oy'

in the above equations can be neglected. The associated Piola~Kirchoffstress vector (1 is

(3)

The constitutive equations for the plate can be written as

{M
Ni

} = [ABii DBi1 ] {£!)} (i,j = x,Y,s)
I ij I' /(,

and

(4a)

or in matrix form,

and

Q =Ay.

Here N" M h QI and Q2 are the stress resultants defined by

(4b)

f
h.2

(N" M,) = -h2 (I, z)l1i dz, (5)

The Aij, Bii, Dij (i,j = x, y, s) and Aij (i,j = 4,5) are the in-plane, bending in-plane coupling,
bending or twisting, and thickness-shear stiffness coefficients, respectively:

(6)

where Zm denotes the distance from the midplane to the lower surface of the mth layer, N L
is the total number of layers, Qij are material constants, and k, are the shear correction
coefficients which are set as k I = k 2 = Jl
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The basis of the formulation of the governing equations of the plate is the principle of
minimum total potential energy in which the total potential energy 1t is expressed as the
sum of strain energy U and potential energy V, i.e.

IT = U+ V, (7)

where

U = ~fsTadv (8a)

and

V = - i q(x,y)w(x,y) dO, (8b)
II

where l' is plate volume, q(x,y) distributed load intensity, and 0 plate area.
In view of the above strain-displacement relations and constitutive equations, the plate

strain energy can be expressed as a function of the five unknown mid-plane displacements
(uo, 1'0' w, lj;" lj;J. After integrating through the plate thickness, the strain energy becomes

The first variation of eqn (7) gives

bn = b( U+ V) = O.

(9)

(10)

3. FINITE ELEMENT FORMULATION

Consider the laminated composite plate discretized into NE elements. The strain energy
and potential energy of the plate are expressed, respectively, as

and

v = I [r q(x, y)w(x, y) dO] ,
1= I J,~ I

(11)

(12)

where 0 .., U.. are the element area and strain energy, respectively.
The mid-plane displacements (u(j, vo, w, lj;" lj;J within an element are given as functions

of 5 x q discrete nodal displacements and in matrix form they are expressed as

'I

U = I [<I>;I]V..; = cJ)V"
i= 1

(13)

where q is the number of nodes of the element; <1>; are the shape functions; I is a 5 x 5 unit
matrix; cJ) is the shape function matrix; ~\ = {Vel> Ve2, ... ,VeqV; the nodal displacements
Ve; at a node are
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The substitution of eqns (II )-( 13) into (10) yields

VL \h

l)Yr = L [6V~Fc(Vc)L- L [6V~PJ, = 0,
! I 1= 1

379

( 14)

(15)

where Fe (Ve), Pc are the element internal and nodal force vectors, respectively. The element
internal force vector is obtained as

(16)

The terms in Fe are expressed explicitly in Appendix A. Using the standard finite element
approach to add the contributions of all the elements in the domain and noting that the
variations of nodal displacements are arbitrary, the equilibrium equations of the plate can
be obtained from eqn (15) as

F(V)- P = O. (17)

where F. V, P, are global internal force. nodal displacement and nodal force vectors,
respectively. Since the above equations are nonlinear, an incremental-iterative loading
procedure is adopted to construct the load-displacement curve of the plate. Express eqn
(17) in a truncated Taylor series as

of(V'')
F(V")-P+ ---~V" ~ 0av _.

where the superscript 11 denotes iteration number.
The increments in nodal displacements are obtained from the above equation as

IcF(V")l I

~V" = - L~ ('V J .[F(V") - P].

where [ . ]-I denotes the inverse of the matrix in the bracket.
The updated nodal displacements are

V"+ 1 = V" +~V"

(18)

(19)

(20)

Define the structural tangent stiffness matrix Kr and residual force vector 1/1. respectively.
as

cF
Kr = (21 )rv

and

1/1= F-P. (22)

In view of the above equations, eqn (19) can be rewritten as
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~~" = -K](V") rt/J{V',). (23)

The solution converges when the norm of the residual force vector is less than a prescribed
value, say, 10'. It is noted that the structural tangent stiffness matrix KT in eqn (21) is
obtained by assembling all the element tangent stiffness matrices Kc,' i = I, ... ,IVE.

with

Kr

K.

\/

I [a1 Kca],
r

i' Uc

iV,] iV,

(24)

(25)

where a is a congruent transformation matrix.
The terms in Kc are listed in Appendix B. In the finite element formulation, one of the

following three kinds of element may be used to construct the element tangent stiffness
matrix: (i) a quadratic (q = 8) element of the serendipity family with reduced integration
using the 2 x 2 Gauss rule (designated as Element A): (ii) a nine-node Lagrangian element
with reduced integration using the 2 x 2 Gauss rule (designated as Element B) ; (iii) a nine
node Lagrangian element with integration using the 3 x 3 Gauss rule for computing the in
plane and flexural stiffnesses and the reduced 2 x 2 Gauss rule for transverse shear (des
ignated as Element C). In the case of linear finite element analysis, the tangent stiffness
matrix KT becomes constant and the equilibrium equations of eqn (17) can be solved
directly by using the standard finite element approach.

4. FIRST-PLY FAILURE AI"ALYSIS

The load that makes the first-ply fail is calculated based on seven different failure
criteria. five of which are degenerate cases of the tensor polynomial criterion proposed by
Tsai and Wu (1971). The limit state equations of the seven failure criteria are expressed as
follows (Reddy and Pandey. 1987):

(i) Maximum stress criterion
The maximum stress criterion states that the stresses in the principal material directions
must be less than the respective strengths. otherwise fracture is said to have occurred,
that is,

(J <Xl: (J,<Zr: u,<S: u-<Yr : (J~<R; (J(,<5, (26)

where (Jr. (J~. (J, arc normal stress cmnponcnts. (J~. (Ji. (Jo are shear stress components,
Xl. Yr , Z] are the lamina normal strengths in the I, 2. 3 directions and R, S are the
shear strengths in the 23 and 12 planes, respectively. When (J I' (J2' (J) are ofa compressive
nature they should be compared with .re. Ye, Ze which are normal strengths in
compression along the I. 2. .3 directions. respectively.

(ii) Maximum strain criterion
Failure of the material is assumed to occur if any of the following conditions are
satisfied:

i: I > X ]: 1:, > Z r : > 5: I:. > Y j : I:~ > R,: 1:6 > 5" (27)

where 1:
1

, 1:2, I:, are the normal strain components. I:~, 1:5 and 1:6 are shear strain
components, X,r . ... ,R, are strain strengths. When 1: 1• (,2, G) are negative, they should
be compared with X,c, Y,e. Z,·e. respectively. which are normal strain strengths in
compression,
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(iii) Polynomial type maximum stress criterion
The polynomial type maximum stress criterion can be expressed as

381

(0"1 -XT)(O"I +XC)(0"2 - YT)(0"2 + Yc)(O", -ZT)(O") +Zc)

x (0"4 - R)(0"4 + R)(O"5- 5)(0"5 + 5)(0"6 - 5)(0"6 + 5) = O. (28)

(iv) Polynomial type maximum strain criterion
Failure of the material is assumed to occur if the following condition is satisfied:

(CI -X,T)(CI +X'C)(G2 - Y,T)(C2 + Y,c)(c, -Z,T)(C, +Z,d

x (C4 - R,.)(C4 + R,,)(c, - 5,)(C5 + 5J(C6 - 5')(£6 + 5,,) = O. (29)

(v) Hoffman's criterion
The Hoffman's criterion can be expressed as

(
1 I ) (0")2 (0")2 (0")2+ ZT - Zc 0"1 + ; + ; + ; ~ 1.

(vi) Tsai-Hill criterion
The Tsai-Hill criterion can be expressed as

(30)

(31 )

The values of X, Y, Z are taken as either XT. YT and 2 T or as Xc, Yc and Zc depending
upon the sign of 0" I. 0"2 and 0",. respectively.

(vii) Tsai-Wu criterion
The Tsai-Wu criterion can be expressed as

where

(32)

I
F44 = -,;

R-

F I2 = - -----
2vXTXCYTYC

1
F,- = --', 52 '

I
F

I
; = - -------

2JXT Xc Z T Z e

F,; =-
- 2JYT YC Z T Z C

(33)
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In the above failure criteria, the contribution of normal stress 0', is in general small compared
to the other stress components so that its effects have been neglected, The shear strengths
in the 12 and 13 planes are assumcd to be the same. The stresses determined from the linear
and nonlinear displacement fields are used to compute. respectively, the linear and nonlinear
first-ply failure loads, The determination of the nonlinear first-ply failure load is
accomplished via an incremental iterative scheme (Reddy and Reddy. 1992),

S. STIFFNESS RLDLCTIOl\ OF COMPOSITE LAMIl"ATES

The stiffness of a laminated composite plate will decrease when failure of plies occurs.
Recently a number of stiffness degradation models have been proposed for studying damage
in composite laminates (Hahn and Tsai. 1974; Laws ('I a/.. 1983; Talreja, 1985; Chang and
Chang, 1987), For instance, Talreja ( 1985) investigated stiffness degradation of composite
laminates via a continuum damage characterization approach. Chang and associates (1987,
1989) used a phenomenological failure criterion to study stiffness degradation of laminated
composite structures. On the other han(1. Cantwell and Morton (1985) studied the influence
of target bending stiffness on low velocity impact damage in CFRP laminates using a drop
weight tester. Target stiffness was a dominant parameter and controlled the mode of
fracture. At low velocities. flexible targets responded primarily by bending which generated
high tensile stresses in the lowest ply. This caused matrix cracks in the lowest ply, which
were deflected at the lowest interface to form a delamination. which in turn was deflected
by matrix cracks in the layer ahoh'. ;llld the process repeated itself. As for thin cross-ply
plates indented by a rigid spheric;l! head statically. it is postulated that delamination has
insignificant effects on the global bcha\ior of the plates and matrix cracking is the major
cause of laminate stiffness reduction before the final stage of the failure process. At the final
stage the contribution of fiber hreakage becomes important and the breakage of fibers may
finally lead to the total collapse of the plates or the penetration of the indentor through
plate thickness. Herein, a simple hypothetical stiffness reduction model is proposed to study
the deflection of damaged laminated composite plates using the maximum stress failure
criterion which can characterize fail urc modes. As observed in the load controlled inden
tation test of cross-ply plates. when matrix cracking occurs in a ply. a crack of moderately
large size will occur in the fiber direction owing to a sudden release of fracture energy and
redistribution of stresses in the damaged plate. Since the determination of exact crack size
is a difficult task if not intractable, it is assumed that though generally it may not be valid
for laminated composite plates under bending. once a matrix crack forms it will span the
whole length of the plate, Hence. hased on the maximum stress failure criterion, stresses at
the integration points in each elemcnt are used to identify the occurrences of failure and
determine the degradation of material moduli in the failed plies. If the stress component in
the fiber direction (0'1) of a ply at an clement integration point reaches its limit value (fiber
failure mode), all the moduli of thc ply at that integration point are set to zero. On the
other hand, if matrix fracture in a pI) induced h) either transverse stress (0'2) or shear stress
(a6 ) occurs at an element integration point (matrix failure mode). the crack is assumed to
span the whole length of the ply to form a crack line and the transverse Young's modulus
(£2)' the shear modulus (Gd. the trans\erse shear modulus (G 21 ) and the Poisson's ratios
(V I2 • vn ) of the ply at all the element integration points of the elements passed through by .
the crack line are treated as zero. The effects of transverse shear stresses (a4 and as) are
small for thin plates and thus will not be included in the stiffness reduction model. The
updated layerwise material moduli arc then used to modify the element stiffness matrices
of the damaged lamina led composi tc pIa tc A schematic sketch of the stiffness reduction
model is shown in Fig. I.

6. EXPFRIMEl\TAL VERIFICATION

The capability of the proposed finite element method in predicting deflection and first
ply failure load oflaminated composite plates will be demonstrated by comparing the finite
clement results with available experimental results, Four types of centrally loaded laminated
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composite square plates of \arious lamination arrangements and side-to-thickness ratios
were tested to failure (Kam. 1993: Kam and SheL 1995), The laminated composite plates
were made of graphite epoxy (Q-II15) prepreg tapes supplied by the Toho Co., Japan. The
material properties were determined from experiments conducted in accordance with the
relevant ASTM standards (1990) and are given in Table I. The experimental apparatus
consisted of a 10-lon Instron testing machine. an acoustic emission (AE) system (AMS3)
with two AE sensors. a displacement gauge (LVDT). a data acquisition system, a steel load
applicator with a spherical head. and a fixture for clamping a specimen. A schematic
description of the experimental setup is shown in Fig. 2. The dimensions of the laminated
plates and the load applicator are given in Table 2. The fixture was made up of two square
steel frames. During testing. the laminated plate was partially clamped by the two steel
frames which were connected together by four bolts. It is noted that the clamping method
allowed in-plane movements but not rotations at the edges of the laminated plate during
loading. The contact arcas between the composite laminate and the steel plates were also
lubricated to reduce frictional effects. A stroke control approach was adopted in con
structing the load-deflection relation for the laminated plate The loading rate was slow
enough for inertia effects to be neglected. During IO'ldll1g. the displacement gauge and data
acquisition system recorded center deflections so that the load displacement curve of the
laminated plate could bc determined. In addition. t\W acoustic emission sensors were used
to measure the stress \\a\es"released at the AE sources in the laminated plate. The measured
acoustic emissions were cOl1\erted b) the AMS3 (i\E) system to a set of signal describers
such as peak amplitude, energy. rise time and duration which were then used to identify
the first-ply failure load of the laminated plate (Kam and Sher, 1995). For example, Fig. 3
shows the energy-applied load diagram for a 10 90 0 /90 ], plate produced by the AMS3
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Fig. 2. A schematic description of the experimental setup.

Table 2. Properties of laminated plates and load applicator

Values

Length (aj
Ply thickness (hJ
Lamination
Load applicator radius r

100mm
0.155 mm

[0 .90 /0 /90L. [0,/90;]" [0;/90']" [0 /901
5.0mm

~

~

l-

f-

First-ply f ..ilure

~ "-

I I I I III
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b...,
x
S' 30
~

w
20

10

0
a 200 400 600 800 1000 1200 1400

Load (N)
Fig. 3. Energy vs. load produced by AMS3 acoustic emission system for a [0 /90 /0 /90'1 plate.

system. The first-ply failure load of the plate is determined by identifying the first major
energy rise as indicated in Fig. 3.

7. NUMERICAL EXAMPLES AND DISCUSSION

The aforementioned nonlinear finite element method is first used to study the deflection
of several simply supported or clamped rectangular thin laminated composite plates with
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Matenal
properties

Values

Strengths
Values

Plate
I
Il
III
IV

1:
132.5 (ipa

.\,
1515 Mpa

y

hi (ply
I (;, - (; I (; /'11 ["2 1 thickness)

10.~(jp~1 5.7 Gpa 1-1 Gpa 0.24 0.49 0.127 mm

\, ), -- /, }', - /, R s= T
169: Mpa -1.1~ Mpa -1.1.~ Mpa 1.17.6 Mpa 86.9 Mpa

Laminallon scheme
(-15 -15 90 0 45 90 45 0 t,
1-1' -15 0 9(l 45 (l -15 90 t,
1-1' (l-45 0 -4590 (l 45 I,
1-15 0 -15 (l -150 45 (l I,

y

t

u.,=o, y;,=()

w=Q, 1/x=O

(fl.) Snr.ply Slli>Forle<:

- ---X '---- -.J - X
Uo=O, Vo =0, w=o a
'i<.~o, 1/y~o

(b) Clamped edges

Fig. 4. Boundar, cllndltions of laminated plates suhject to ulllform load.

Tahle -1 Detlcctiol1s of laminated plates subject to uniform load

Boundary Plate C\ormaIJ/ed Illad t',ormalized center deflection \\'c/h)
conditlol1 I P /:',) ({ hi" Pre,ent Reddy and Reddy (1992)

I ')6~l).1 1.1)'11 1956
Simply II 911111.1 1.1)1, 1.919
supported III (,177 7 1,\-12 1.845

1\ -1517.S I.XIX 1.840

I ' 144.9 I ,~S~ 1.283

Clamped
II IX3.1.~ I 16.1 1.164
III 24-12.6 1.1155 1.053
1\ 20SJI 1.066 1.064

various lamination arrangements subjected to a uniformly distributed transverse load of
intensity P. The properties of the laminates are given in Table 3. The two different boundary
conditions and the dimensions of the laminated plates are shown in Fig. 4. In the finite
element analysis of the plates. a 4 x 4 mesh (16 elements over the full plate) of nine-node
Lagrangian elements with a :2 x :2 Gauss integration rule was used to model the laminated
plates. The center deflections of the plates subject to a uniform load of various intensities
are given in Table 4 and compared with those obtained by Reddy and Reddy (1992) in
which a 5 x 9 mesh of nine-node Lagrangian elements was used in modelling the laminated
plates. It is noted that the present finite element method could predict very accurate
deflection for the laminated composite plates even when fewer elements are used in the
analysis. To validate the capability of the present method in predicting accurate first-ply
failure loads. the linear and nonlinear first-ply failure loads of a number of laminated
composite plates were determined and compared with those obtained by Reddy and Reddy
(1992). Close agreement between the results obtained by the present method and those of
Reddy and Reddy (1992) was observed and. furthermore. both methods predicted the same
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Table 5. First-ply failure loads of a clamped [0 /90 ], plate subject to a center point load Q

Normalized failure load (Q/E2 )!(a/h)4

Failure criterion

Maximum stress

Maximum strain

Maximum stress (polynomial)

Maximum strain (polynomial)

Holfman

TsaiHili

Tsai-Wu

(I) Present

159999.5t
1151806.2;

178368.2
1577164.3

1568851
1068028.3

174521.2
14245439

157185.8
1073394.3
158314.0

1092535.2
169166.1

1312456.0

(II) Reddy and Reddy (1992)

160730.7t
1137201.5;

179239.5
1549940.9

157582.2
1059047.0

175345.5
1417095.1

157733.4
1061680.9

159020.6
1083201.5

163416.2
1165771.9

Difference
(I) - (11)/(1) %

0.46
1.27
0.49
1.73
0.44
0.84
0.47
0.52
0.35
1.09
0.45
0.85
3.40

11.18

t Linear.
; Nonlinear

y

I
""=0
1fJ.=0
1/Jy=0

b/2 ,i---I--------,

x

l't ply
/

0

0

0
0

"'-. nth ply

z

o

a/~Xv.=o
1fJ.=0
1/Jy=0

o

u.,=o
"'-'=0
1/Jy=0

Fig. 5. Boundary conditions of a par1ially clamped quar1er laminated plate.

failure locations. For illustration purposes, Table 5 lists the linear and nonlinear first-ply
failure loads of a clamped [0'/90ls plate loaded by a center point force predicted by the
present method and by Reddy and Reddy (1992) using various failure criteria for compari
son. It is noted that in the above analysis the nonlinear first-ply failure load was determined
via an incremental-iterative procedure similar to the one adopted by Reddy and Reddy
(1992).

The present nonlinear finite element method is then used to predict the deflection and
first-ply failure load of four types of partially clamped square thin cross-ply plates, namely,
[0-/90;0 /90],. [0 2 /90;]" [OS/90l and [0'/90L subject to a center point load. It is worth
noting that the contact area between the indentor and the laminated plates is generally
small and thus the modeling of the contact force as a concentrated force in the finite element
analysis will not affect the overall behavior of the plates if the plates are relatively thin. The
boundary conditions of the plates are shown in Fig. 5. A quarter plate is used in the finite
element analysis and the results are compared with experimental results (Kam, 1993; Kam
and Sher. 1995). First. the effects of the number and type of elements on the finite element
load--deflection results are investigated. Figure 6 shows the load-displacement curves of
the [0:2 /90 2 ls plate obtained with the present finite method using different elements (Elements
A-C) and a 2 x 2 mesh compared with the experimental load-displacement curve. It is
noted that among the three elements Element C yields the best load-displacement curve
when compared with the experimental one. The effect of the number of elements on the
accuracy of Element C demonstrated in Fig. 7 is small and in general a 3 x 3 mesh over a
quarter plate yields fairly good results. The effect of boundary conditions on the load-
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displacement curve of the [O~ 90.' L plate is also investigated. The load-displacement curve
of the plate with completely clamped edges. i.e. lI" = 1"" = W = t/f, = t/f, = 0 along the four
edges. using a 3 x 3 mesh for a quarter plate is plotted in Fig. 7 for comparison. It is noted
that the plate with completely clamped edges is much stiffer than the partially clamped one.
Next consider the accuracy of the present method with Element C in predicting strains.
Strains in the fiber and matrix directions at the center of the bottom surface of the
[0 /90 /090 L plate under indentation testing were measured using a biaxial strain gauge.
Element C with different numbers of elements was used to model the load-strain curves in
the fiber and matrix directions for the plate. The experimental and finite element results are
shown in Figs 8 and 9 for comparison. It is again noted that the use of a 3 x 3 mesh over a
quarter plate can yield very accurate results. Henceforth. Element C with a 3 x 3 mesh over
a quarter plate is used to st udy the deflection and strength of cross-ply plates. The load
displacement results for the [0 .90090 L. [0,90 Land [0 /90 C

], plates obtained by the
present method are shown in Figs 1012 and compared with the experimental results. It is
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Fig. 9 Analytical and expenmentalloadstrain curves in the matrix direction for a [0 /90 /0/90'L
plate.

noted that when compared with the experimental load-displacement curves the present
finite element method can yield fairly good load-displacement curves at low loads (before
first-ply failure). The discrepancies between the finite element and experimental results at
loads higher than the first-ply failure load, which will be determined subsequently, are due
to the stiffness reduction of the failed plies. When the aforementioned stiffness reduction
model is used with Element C in the deflection analysis of, for instance, [0~/90~ls and
[0/90 /0 /90 L plates, much better agreement between the analytical and experimental
load-displacement curves can be attained as shown in Figs 13 and 14. It is noted that the
analytical load-displacement curves of the damaged cross-ply plate have been obtained via a
load control type incremental-iterative procedure in which the proposed stiffness reduction
model together with an automatic load increment re-sizing technique has been used in
tracing the load-displacement curves. The horizontal step changes on the analytical load
displacement curves indicate failures of plies and sudden reductions of plate stiffness. Since
the experimental load~-displacement curves were obtained via a stroke (displacement)
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control approach, vertical rather than horizontal step changes on the curves could be
observed. It is worth pointing out that due to the singularity of the stiffness matrix of a
damaged plate under its maximum load, load increments of much smaller sizes have been
used to trace the load-displacement curve near the maximum load and the last equilibrium
state before the displacement of the plate becomes unbounded is used to approximate the
ultimate strength of the plate. Though the use of the proposed maximum stress criterion
based stiffness reduction model cannot accurately simulate the failure process of the lami
nated plates as indicated by the mismatch of the horizontal and vertical step changes in
Fig. 14, the ultimate strengths predicted by the finite element method with stiffness reduction
may closely approximate the experimental ones with errors less than 15%. Next consider
the determination of first-ply failure loads of the laminated composite plates. In Figs 6 and
10-12, the first-ply failure loads cannot be determined directly from either the analytical or
experimentalload-deflection curves. In the process of estimating the first-ply failure load,
the stresses in the plies at the nodes as well as the integration points of each element are
first determined in the linear or nonlinear finite element analyses of the plates using Element
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FIg. 13. Load-deflection curves of a [0, ;90,L plate with and without stiffness reduction.

C with a 3 x 3 mesh over a quarter plate. The linear and nonlinear first-ply failure loads for
the laminates are then determined using the stresses obtained in the linear and nonlinear
finite element analyses, respectively, based on the adopted failure criteria as described in
the previous section. The finite element results obtained by the present method are given in
Tables 6-9 and compared with the mean experimental results determined from four speci
mens for each lamination arrangement. The experimental first-ply failure loads of the
laminated composite plates were identified directly from the energy vs load charts produced
by the AMS3 acoustic emission system as shown, for example, in Fig. 3 for the
[0 /90' /0 190L plate. If the mean experimental first-ply failure loads are treated as exact,
the errors in the finite element predictions based on various failure criteria can be determined
as indicated in Tables 6-9. Regarding the capabilities of the adopted failure criteria in
predicting first-ply failure load, it has been found that the maximum stress (independent
and polynomial), Hoffman and Tsai-Hill failure criteria can yield fairly good results with
consistent accuracy for the laminated plates. In particular, the independent maximum stress
criterion can predict first-ply failure loads with error around 6%. It is also worth noting
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Table 6. Theoretical and experimental predictions of first-ply failure load for a [0,/90,L plate

Failure criterion

(i) Maximum stress

(ii) Maximum strain

(iii) Maximum stress
(polynomial)
(iv) Maximum strain
(polynomial)
(v) Hoffman

(vi) Tsai-HilJ

(vii) Tsai-Wu
t

tLinear.
tNonlinear.
§Minimum error.

wh

80.645

Theoretical
failure load F (1\)

229.llt
26708~

267.55
330.91
222.43
255.37
257.73
312.01
222.69
255.76
224.19
257.35
238.60
280.44

Experimental
failure load L (N)

253.60

Difference
(IF-LliL) %

9.66
5.32
5.50

30.49
12.29
0.70~

1.63
23.04
12.19
0.85

11.60
1.48
591

10.58

that the experimental ultimate failure loads of the plates are much higher than the first-ply
failure loads. The capability of simulating the actual failure process and predicting the
ultimate failure loads of laminated plates with different lamination arrangements and side
to-thickness ratios is vital in the reliability assessment of such structures. Hence, the
importance of the extension of the present method to first-ply failure load and ultimate
strength prediction of laminated composite plates is obvious.

8 CONCLCSIONS

A nonlinear finite element method was developed for the prediction of nonlinear load
deflection curves and first-ply failure loads of centrally loaded and partially clamped
laminated composite plates using several phenomenological failure criteria. A hypothetical
stiffness reduction model was adopted to improve the prediction of load-displacement
curves of damaged laminated composite plates. Experimental results on load-displacement
curve and first-ply failure load of laminated plates with four different lamination arrange
ments were used to verify the accuracy of the solutions obtained by the present methods.
The results have shown that the present method, especially when used with nine-node
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Table 7. Theoretical and experimental predictions of first-ply failure load for a [0/90 iO'/90'). plate

Failure criterion a!h Theoretical
failure load F (N)

Experimental
failure load L (N)

Difference
(IF-LliL) %

_. _.•.•._ ... _... ~~~~~~~~~~~~~~~~-

(i) Maximum stress

(ii) Maximum strain

(iii) Maximum stress
(polynomial)
(iv) Maximum strain
(polynomial)
(v) Hoffman

(vi) Tsai-Hill

(vii) Tsai-Wu

tLinear
tNonlinear.
§Minimum error.

80.645

290 12t
33726t
355.47
443.07
278.12
317.62
33534
405.53
278.53
318.21
280.81
320.64
304.13
356.23

317.74

8.69
6.14

11.87
39.44
12.47
0.04§
5.54

27.57
12.34
0.15

11.62
0.91
4.28

12.11

Table 8. Theoretical and experimental predictions offirst·ply failure load for a [0,/90'], plate

Failure criterion

(i) Maximum stress

(ii) Maximum strain

(iii) Maximum stress
(polynomial)
(iv) Maximum strain
(polynomial)
(v) Hoffman

(vi) Tsai- Hill

(vii) TsaiWu

tLinear.
tNonlinear.
§Minimum error.

a!h

10526

Theoretical
failure load F (N)

108.26t
14761t
12286
185.31
10634
142.92
120.32
176.84
106.45
143.15
107.06
144.42
112.77
157.78

Experimental
failure load L (N)

157.34

Difference
(IF-LliL) %

31.19
6.18

21.91
17.78
32.41
9.16

23.53
12.39
32.34
9.02

31.96
8.21

28.33
0.28§

Table 9. Theoretical and experimental predictions of first-ply failure load for a [0/90'], plate

Failure criterion

(i) Maximum stress

(ii) Maximum strain

(iii) Maximum stress
(polynomial)
(iv) Maximum strain
(polynomial)
(v) Hoffman

(vi) Tsai-Hill

(vii) Tsai Wu

tLinear.
tNonlinear.
§Minimum error.

a/It

152.67

Theoretical
failure load F (N)

64.94t
150.00t
76.04

220.35
63.52

141.60
73.99

200.00
63.60

141.96
64.03

144.06
68.30

166.40

Experimental
failure load L (N)

158.08

Difference
(IF-LI/L) %

58.92
5.11§

51.90
39.39
59.82
10.43
53.19
26.52
59.77
10.20
59.50
8.87

56.79
5.26
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Lagrangian elements. can predict fairly good load-deflection curves and ultimate strengths
for plates with damage. Nevertheless. the actual failure process of the damaged plates could
not be simulated by the present method. Hence. further modification of the proposed
stiffness reduction model is required. The capabilities of the phenomenological failure
criteria in predicting first-ply failure load have been investigated and discussed. It has been
found that fairly accurate determination of first-ply failure loads of laminated composite
plates based on maximum stress. Hoffman and Tsai-Hill failure criteria can be achieved. It
is suggested that further research on failure mechanisms and predictions of first-ply failure
and maximum loads of laminated composite plates subject to transverse loads using other
approaches such as fracture energy method be pursued.
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APPENDIX A ELE:\1El\1 IT"TERNAL FORCE VECTOR F, = [Fn

The terms 1'7 (~ = 1,2.... 5, denoting degree of freedom at a node; i = 1,2, . , 'I, denoting node number) of
the element internal force vector F,. are expressed as

L',I I I', = 0 .4 Iii 211", .~ II' )<Il d.\ d 1

- "u,

1 '
-t-oj .4 1 ,12/" +11', )<Il"d,\dl'

L "

I'
- ") I 2.4 11,(11,

.... "u
" II" ' + 1', )<Il, d.\ d l'

-~ I' A 11,(211" ,+11,', ,)<(>, d,\dl
2 "

1 '
~ ~ 1 2A l,(,(ll 1\, +/1 11 ,+

...... .0

-'~I' 2BII~J"tll"d\dl
-,,11

I'-11 2B"!jJ,(]l,, d.\ch·
"',,11

)<1>" d.\dl

- ~ I' 2B
1
,IVJ, +1/1 jtll, , d.nll

-"U

+ ~ I' 2B" VJ til" d\ dl
-".u

1 '
1 I 2B

1
,1,1, (Il d\ dl

- .. L!

1 '
• 0 I 2B1",IVJ IljJ 1<1>, d.\dl

- .. 0.

I '
- j I A ,,1211, ~ II', )<(>" d.\dl

- .. U

1 •

- 1 1 2A",(II"
...... 11

til", +1'" ")<1>,, d,nh

_ 1 I' ~·,12/" . II', 1<1>, d\dl
2."

+ 1 I" A·:i2/" - II", )<1>" d.\dl
2.<1

1 '
T 1 1 2.4l>1,(I1', \\, j /III, t-l",)(Di \ J.yJr

..... n

~ ~ I' 2B
1
,I/J,<1> d\dl

- .. n,

I '
t ::; 1 2B 1, l~, ,til d\JI

...... n

I'
t 1 I 2B"IIjJ t IIJ 1<1>, d.\dl

...... n



First-ply railure of laminated composite plates

I '
t ; I ~B,(,III, ,<D d,Ydl

-.U

1 '
t ; I 2B"V/, (!J, dydl

- .,()

I't;1 ~B,,(,(I[; 'rf;")<D,,dYdl
- .' L~

I '
F' --,1 1 iL!,u lI +ll'I~,_\)\I'(),<D:,dxd\

~ .' ~l

) .
I

·1, ,t2,,, ~ )lI" ,<I) dxdl
2,u

"
I I ~1~(.~Ili), t--H'~_\)ll'lI,<1l" dxdl

2,<l

I •
+ ~Ju:2 111>\H1:"IC111 +un , +['11 IHi:."{l>,,,d.\"dy

I '
'"l I (2,., ~- I I'll }1\"II,¢" d.\' d \
- .. ~!

395

I '
,I 2.4 .. 1,t 1t', \1 11 + II l1 , +
- .1)

Ill, ,<D" dyd\'

I '
f '"'I I A

'
l\(2u q , t-\l'~_,)lflll<tJ" d.\dr

-.U

) .
4 I ~ ,,( 211" , ~ II ,', ,) lI',> , <Il, , dy d I

2. '!

I '
~ -, 1 A~!,(':rll +- 11'1) )\\"11,<1), d.\"dl

- .'~)

I •
+ ., j 2.4(11,(11"0,11"11.1 +Ud .1 +/"ii,)\I·(I,(l'>'.l dxd.\

- .. U

I '
+ ") I 2.4(>/,(1\"1I \1"1:.: +ul), -+l )\1 $ .. \ d_yd.\

- .'[1

I •
2t 2B"I[;, ,II "<D,,dxd\

I •
..- ; I 2B , '(~L11\11_\¢'\ d.yd,
-p

I •

I
2B,"II"Ii",<D" dxdl

2.<l

I .
( ; I 2B" (t[;, t VI, ' )Ii" <D d\ d I

- ,'I)

I •
, ,I 2B· 'VI ,Ii'"" <D" dxd\

-",,0

I •
+ ; I 2B.,,(t[;, 1i",<D", +rf;" '''",<D" Id.ydl'

-.-Il

I ',I 2H 11 ,(l/J, ,lru.1tD,., -4.-t};., ,\1'1) ,<Il
j

• )d.\"dy
-.<l

I •
• 1 I 2B.,(t[;" +1jJ, ,)lI,,<D dId,

-.L!



396 T. Y. Kam el al.

+ ~ 1" 2B66 (1jJ " + 1jJ,,)("o,·<1J,., + w".,<1J,.,) dxdy

+ ~ [ 2A"(IjJ,+"0,)<1J,, dxdy
.n,

+ ~J, 2A 44 (1jJ, +I1{),)<1J,.,dxd.l'

+ ~ r.2A,d(ljJ, ~ 11'1I,)<1J" + (1jJ, + "'",.)<1J,.,] d.\' dy.... In,

4 IfF, = 2 .2A"(IjJ,+'l',,.,)<1J,dxdy
n,

+~ r 2B,.(w","0,+Uo.,+l'o,)<1J,.,.dxdyIn,

+ ~ r 2D Ih (IjJ" +1jJ,,)<1J,, dxd\'In,

+ ~ r.2D",IjJ,,<1J, , dxdyIn,

+~ r. 2D Ih IjJ"<1J,,dxd\
.,n

o

. IfF,' = J .2A 44 (1jJ,+II'II,)<1J,dxdv
- n,

If' ,+ J. B" (2uo, T 1I·0 ,)<1J,., dx dy
.... u

I '
+ 2In, 2B'.("1I ,"0., +u"., + 1'0. , j<1J,., dx dy



FIrst-pI} failure of laminated composite plates

\ "

+ ,I B.!,(2r",+lr;,)lD"dxd\'
- ~ ~~

I,'
-r:.;J B",(211" , +\11, ,llD" d.\d\

- u

I"
+ ,I 2B"d\l, ,1t".,+II",+r" .. llD"d\d\·

-",0

I"
+,12D"ljJ"lD"dXd\

...... u

I '
+ .:, J 2D"Ij;"lD" dxd\

L "

I '
+ ') I 2D",lljJ" +ljJ,,llD ,dxd\'

-",il

I .
-+- ,I 2D",ljJ,.lD" dxd\'

- .. I!

)'

+ 1 I 2D 6"IIj;, +1j;")lD,,d.\dr
......'U

\'
+ ,I 2D"ljJ"lD" dxdl

.... .. il

APPENDIX B ELE\1ENT TANGE='JT STIFFNESS MATRIX K, = [Kf/'J

397

The terms K:I' (~. Ii = \. 2, ,,5. denoting degree of freedom at a node: i, j = 1, 2" " q, denoting node
number) of the element tangent stiffness matrix K, are given by
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